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Statistics                                                                                    Inferential statistics 
Bias of a point estimator 𝜃 of a parameter 𝜃 (definition) 

𝐁𝐢𝐚𝐬(𝜽̂, 𝜽) = 𝐄𝜽̂ − 𝜽  

Clarification. 𝜃 is a parameter of the (population) probability distribution (𝜃 is an unknown constant).                  

𝜃̂ is a random variable called a point estimator of the parameter 𝜃. The value of 𝜃̂ is calculated in the process of 
sample study, it is used as an estimate for the value of the unknown parameter 𝜃. 

Mean squared error of an estimator 𝜃 of a parameter 𝜃 (definition) 

MSE(𝜃, 𝜃) = E ((𝜃 − 𝜃)
2

) 

Property of the mean squared error 

𝐌𝐒𝐄(𝜽̂, 𝜽) = 𝐕𝐚𝐫 𝜽̂ + (𝐁𝐢𝐚𝐬(𝜽̂, 𝜽))
𝟐

 

Unbiased estimator 𝜃 of a parameter 𝜃 (definition) 

Bias(𝜃, 𝜃) = 0 

Properties of the unbiased estimator 

E𝜃 = 𝜃  MSE(𝜃, 𝜃) = Var 𝜃 

Relative efficiency of two point estimators (definition) 

𝑒(𝜃1, 𝜃2) =
MSE(𝜃̂2,𝜃)

MSE(𝜃̂1,𝜃)
  

Comparison of point estimators 

• Definition. 𝜃1 is more efficient than 𝜃̂2 ⇔ {
MSE(𝜃1, 𝜃) ≤ MSE(𝜃2, 𝜃)  for all 𝜃      

MSE(𝜃1, 𝜃) < MSE(𝜃2, 𝜃)  for some 𝜃
 

• Property.   𝜃1 is more efficient than 𝜃2 ⇔ {
𝑒(𝜃1, 𝜃2) ≥ 1 for all 𝜃      

𝑒(𝜃1, 𝜃2) > 1 for some 𝜃
 

Standard estimators and their sample distributions 

          Estimator                                Formula                                         Properties                                        Sample distribution 

𝑋 ∼ 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝑝)  

An estimator of 𝑝 – 
sample proportion 

𝒑̂ =
𝒎

𝒏
 

E𝑝̂ = 𝑝  

Var 𝑝̂ =
𝑝(1−𝑝)

𝑛
  

𝑃 (𝑋 =
𝑘

𝑛
) = 𝐶𝑛

𝑘𝑝𝑘(1 − 𝑝)𝑛−𝑘  

𝑛𝑝 ≥ 5 and 𝑛(𝑝 − 1) ≥ 5 ⇒

𝑝̂ ~ 𝑁 (𝑝,
𝑝(1−𝑝)

𝑛
) approximately  

An estimator of 𝜇 – 
sample mean 

𝒙̅ =
𝟏

𝒏
∑ 𝒙𝒊

𝒏

𝒊=𝟏
 

E𝑥̅ = 𝜇  

Var 𝑥̅ =
𝜎2

𝑛
  

𝑛 ≥ 30 ⇒ 𝑥̅ ~ 𝑁 (𝜇,
𝜎2

𝑛
) approx. 

𝑋 ~ 𝑁(𝜇, 𝜎2) ⇒ 𝑥̅ ~ 𝑁 (𝜇,
𝜎2

𝑛
)  

An estimator of 𝜎2 
when 𝜇 is known 

𝝈̂𝟐 =
𝟏

𝒏
∑(𝒙𝒊 − 𝝁)𝟐

𝒏

𝒊=𝟏

 
E𝜎̂2 = 𝜎2  

𝑋 ~ 𝑁(𝜇, 𝜎2) ⇒ Var 𝜎̂2 =
2𝜎4

𝑛
  

𝑋 ~ 𝑁(𝜇, 𝜎2) ⇒ 𝜎̂2 ~ 
𝜎2

𝑛
𝜒2(𝑛)  

An estimator of 𝜎2 
when 𝜇 is unknown 

𝒔𝟐 =
𝟏

𝒏 − 𝟏
∑(𝒙𝒊 − 𝒙̅)𝟐

𝒏

𝒊=𝟏

 
E𝑠2 = 𝜎2 

MSE(𝜎̂2, 𝜎2) < MSE(𝑠2, 𝜎2) 

𝑋 ~ 𝑁(𝜇, 𝜎2) ⇒  𝑥̅ and 𝑠2 are 

independent; 𝑠2 ~ 
𝜎2

𝑛−1
𝜒2(𝑛 − 1) 
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Consistency of an estimator (definition) 

𝜃 is a consistent estimator of 𝜃 ⇔  ∀𝜽 𝐥𝐢𝐦
𝒏→∞

𝜽̂ = 𝜽 

Sufficient condition 

𝜃 is a consistent estimator of 𝜃 ⇔  ∀𝜃 lim
𝑛→∞

MSE(𝜃, 𝜃) = 0 

Clarification. 𝑝̂, 𝑥̅, 𝜎̂2 and 𝑠2 are consistent. 

Confidence intervals 

Example (a 2-sided 𝑧-interval for the population mean) 

𝜇 = 𝑥̅ ± 𝑧𝛼/2 ×
𝜎

√𝑛
 

Notations 

• Confidence level: 𝑝 

• Critical level: 𝛼 = 1 − 𝑝 

• Critical value: 𝑧𝛼/2 

𝑷(𝒁 > 𝒛𝜶/𝟐) = 𝜶/𝟐  

• Standard deviation of the sample mean: 
𝜎

√𝑛
 

• Standard error of the sample mean: 
𝑠

√𝑛
 

• Margin of error: 𝑚 = 𝑧𝛼/2 ×
𝜎

√𝑛
 or 𝑚 = 𝑧𝛼/2 ×

𝑠

√𝑛
 

General formula 

𝐶𝑜𝑛𝑓𝑖𝑑𝑒𝑛𝑐𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 = (𝑃𝑜𝑖𝑛𝑡 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟) ± (𝑀𝑎𝑟𝑔𝑖𝑛 𝑜𝑓 𝑒𝑟𝑟𝑜𝑟) = 

= (𝑃𝑜𝑖𝑛𝑡 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟) ± (𝐶𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑣𝑎𝑙𝑢𝑒) × (𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟) 

Hypothesis testing. Notions and notations 

• Null hypothesis: 𝐻0 

• Alternative hypothesis: 𝐻𝑎 

• Significance of the test: 𝛼 = 𝑃(𝑡𝑦𝑝𝑒 𝐼 𝑒𝑟𝑟𝑜𝑟) = 𝑃(𝑟𝑒𝑗𝑒𝑐𝑡 𝐻0|𝐻0 𝑖𝑠 𝑡𝑟𝑢𝑒) 

• 𝛽 = 𝑃(𝑡𝑦𝑝𝑒 𝐼𝐼 𝑒𝑟𝑟𝑜𝑟) = 𝑃(𝑛𝑜𝑡 𝑟𝑒𝑗𝑒𝑐𝑡 𝐻0|𝐻0 𝑖𝑠 𝑓𝑎𝑙𝑠𝑒) 
• Power of the test: 1 − 𝛽 

• Test statistic: 𝑍 

• p-value: 𝑷(|𝒁| > |𝒛𝜶/𝟐|) 
Clarification. This p-value implies that 𝐻𝑎  is a 2-sides alternative hypothesis. For 1-sided 𝐻𝑎  p-value can 
be 𝑃(𝑍 > 𝑧𝛼) or 𝑃(𝑍 < −𝑧𝛼). 

• Rejection rule: reject 𝐻0 if p-value ≤ 𝜶. 
Clarifications. 1. The lower p-value is, the stronger statistical evidence to reject 𝐻0 in favor of 𝐻𝑎  is. 

2. A value of the test statistic 𝑍 is in the rejection region if and only if 𝑃(|𝑍| > |𝑧𝛼/2|) ≤ 𝛼. 

 

http://andrewvorchik.com/

